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Total marks (120)
Attempt questions 1 — 8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15marks) Use a SEPARATE writing booklet. " Marks
[1F-»
“ 2

€)) Evaluate J dx. 2
o V9-x?

(b) Find f ! dx , with the aid of the Table of Standard Integrals. 2

Vx? -4x+5
(¢)  Find f sin® xcos® x dx. 3

6

1

3 x2x* -9

dx. 4

(d) Using the substitution x = 3secd , evaluate J’

2
() @  Findconstants 4, B, Csuchthat -~ 2 - 4, Bx+C 1
X" =x-2 x"=-x-2
x*+2
(ii)  Hence ﬁndf > dx. 3
X" =x-2




Question 2 (15marks) Use a SEPARATE writing booklet. Marks

(2)

(b)

©

(d)

(©)

1-33

Simplify ~. 2
1-i '
Let z= §:i
2+1
(1) Express z in the form a + bi where aand b are real numbers. 2
(i)  Hence, or otherwise, find |z| and argz (to 3 significant figures in 3

the domain -7t <0 <7 ).

Sketch the region in the complex number plane where the inequalities 2
| z+1-2i | <2 and Re(z) <0 hold simultaneously.

Factorise x*+7x* ~18 into the product of linear factors over the complex field. 2

Q(w)

P(z)

O -~

In the Argand diagram, OPQ is an equilateral triangle. P represents the complex
number z and O represents the complex number w.

(1) Explain why w=z cisg—. 2

(i)  Show that w’ + 2> =0. 2




Question 3 (15 marks)

(a)

(b)

Use a SEPARATE writing booklet.

Let f(x)=2(x-1)(x-3).

Marks

Draw separate sketches of the following functions (at least one-third of a page),

showing clearly the important features, including any intercepts on the axes,

tuming points, asymptotes, etc.

O y=s(
o yol
W =75
@)  y=2-£()
) y=v7®@
) y=log, /(%)

1
Let I, =J x"e " dx.

)

0

Evaluate 7.

(i)  Provethat [, =nl,_ 1 for n 21.

e

1

(ili)  Hence evaluate j x*e™ dx.

0




Question 4 (15 marks)  Use a SEPARATE writing booklet. Marks

(2) Find J9-12i. 3

()  (2+1i) is azero of the polynomial P(z) = z*® —z* +az + b, where a and b 4
are real numbers.

Find the other two zeros, and the values of ¢ and 5.

(¢)  «,B,y arethe roots of the equation x* —6x* +12x—35=0.

@A) Form a cubic equation whose roots are a -2, -2,y —2. 2

(ii)  Hence, or otherwise, solve the equation x* —6x*> +12x-35=0 2
over the complex field.

(d) The roots of the equation z? +5z-2i =0 are o and B. Without solving this 4
equation, form the cubic equation whose roots are «, § and (o + B).




Question 5 (15 marks)  Use a SEPARATE writing booklet. Marks

2 2

(a) Consider the hyperbola Y .
4 16
6)) Find its eccentricity. 1
(i)  State the equations of the asymptotes. 1

(b)
NOT TO SCALE

The diagram shows a wedge with the edge 4B parallel to the horizontal rectangular
base CDEF, and the plane ABED is vertical. 4B is 8 cm vertically above DE.
PORS is a rectangular cross-section # cm above the base.

@) Show that the area of the cross-section PORS is (6 + %)(4 - —g) cm?. 2
(11) Hence find the volume of the wedge. 2
(c) Consider the function y = x* —3x
, x+1
() Find the equations of the two asymptotes. 2
(i)  Find the coordinates of the stationary points and determine their nature. 5
(i)  Sketch the graph of the function. g
(iv)  For what values of & does the equation x;-; lx = k have two real roots? 1




Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

(@ (@)  Showthat f(x)=xV4—x* isan odd function. 1
(i)  Hence, without finding any primitives, evaluate 2

2
J (x\/4—x2 —Ja-x? )dx,giving reasons.

-2

®) A i
NOT TO SCALE
0 2 6 >
The region bounded by the parabola y* = 4x and the line x =2 is rotated about 5
the line x =6.
Using the method of cylindrical shells, find the volume of the solid formed.
(© y

/
R
P
O
X
2y2

6y Prove that the equation of the tangent to the ellipse 57 + rel =1 at the 3
e

point P(acosB,bsing) is (bcosB )x + (asinb)y —ab =0.

(i1)  Q and R are the feet of the perpendiculars to the tangent from the foci 4
S and §' respectively.

Prove that SOx S'R =b2.

~J




Question 7 (15marks) Usea SEPARATE writing booklet. Marks

(a)

(®)

(c)

Find the general solution of the inequality cosd > -;— 2

0 >

The diagram shows the graph of the circle (x —-a)’ +(y~b)? =a® +b?,
which passes through the origin O. The line y = mx cuts the circle at O and P.

@) Show that the x coordinate of P is M.

2

1+m?
(1)  Hence write down the coordinates of M, the midpoint of OP. 2
(i)  Hence show that the locus of M, as the gradient of OP varies, 4

is a circle, and state its centre and radius,

A circle is drawn through the vertices of the triangle POR. A is the midpoint

of the arc PQ and B is the midpoint of the arc OR. The chord 4B intersects
PQ at Cand QR at D.

Copy or trace the diagram into your Writing Booklet.
() Explain why ZQPB = /BPR.

(i)  Provethat OC = QD.




Question 8 (15 marks) Use a SEPARATE writing booklet.

(3

(b)

> <

(d h)

0 > %

A stone is projected from a point on the ground, and it just clears a fence

d metres away. The height of the fence is 4 metres. The angle of projection to
the horizontal is 6 and the speed of projection is ¥ mv/s.

The displacement equations, measured from the point of projection, are:

x=VcosOt and y=Vsin9t-—%g12.

2
2
()  Show that y? =845 0
2(dtan8 —-h)
2 2
(i)  Show that the maximum height reached is _d'tan’§
- 4(dtanf - h)

(i)  Show that the stone will just clear the fence at its highest point if

2h

tan@d = —.
d

@) Prove by mathematical induction that (ﬁ - 1)" =p,+q, V3,
where 7 is a positive integer and p, and g, are unique integers.

(ii)  Hence show that p > — 39,7 =(-2)".

End of paper

Marks
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Suggested Solution (s)
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G UEST 1oV .

@) /"r 2 ] -
o ;q—-.x* 3-o

b) / - /
¢ '/\/"——"——d‘/m
. %g(x-a+m +C

or /Ojc[x -2+ Ja —‘IJ‘U/ﬁ' tc

W =51 X

<) Sin‘x cos ix ot
¢ / clu = cosx clx

/.S/n x (1~ .Srn.r,) s x ot
-_/u,‘lCl-u4 ol v/
2 ) (- a?) ctn

- ‘LJLS—;‘—Mf-f Il \/

3
23 L sin’x + C \/ @

: 7 am - F

[
C"l)g clat
/13[ 3 scco fan& de s

7scc e ,/95«,0 -7

=j-‘ 3s5ec@Tan A&
[«]

x:J,SCCG

dx =3 5¢cO fan & <l
q sec ¢9x3 Tan &

x=3,6 =0
1:6,9’—‘31j/
.Jf cos & o/d) v~

4 [eme]f - BT @

. . ’
/,7 nore +C i

mar ku'ﬂj .

or e uiva lenT
u;%ou'f .sub.s?‘-'f'ufib:j

[y !
/j nore t+6¢

QUESTION ( (cont)
€ e) : !

2
x“x -2/ x?+ Os +

a
X = JC —R

X + 4
oxtra = 4 + _XrY
x -2 Hr-x -2
A= B=1, ¢c=¢ @

J

Gi) XA Y - A + B

(x-2)(x+1) Tox-a x+1
xX+4 = ﬂ(xfl) +8 (x -2)
Sub, x=~1: 3 =-38
. B = =1
Sub. x=2: 6 %3/)
A= a.

.'./L+J //+ - ’)clx
o ~2 X+

= o+ R 'ért(;(—a -w‘n(x*I +C
o)

oR

xr2 _ ’qf. Bixtr+&

seix=2 " xEx-2
s 2= A ta) eBeeC

-egua fe coeffreients

t mark - correa"/l B,

2 mai‘k.i 7[0f‘ 3

correct f"""'"h"‘-
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QUESTION 2

a) /-4.3___."/-!4'\{‘/*‘

/-t 1-¢ 1+¢
- (FaCtL
ARk
1-c
. AL

2

OR (/-Z)[I-'fc'r(_.'z)/
/=

| ~cirele Caf/'ec'f

I- sha o/:'nj correct.
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QUESTION 2 (e (0/1/)

()

=

1}

=

(e)
¢)

mu/fipbl'nj 2 bj C/S%rolacs
change the modulus, as ./cr‘.sq/-—-/,
Ddut acldls 31[‘ to the avumerﬁ_

@)

xTr 72t
(27+4) (x*-
Cx'?— q9 L"?(JAJ‘J)

(x-3)(xsi) (x-B) (x+B)

Since OP=0@ anol [FPOP = 'g—,

n't
g

@

w2 cis .;_;7_7‘
w? = (2 <ris %‘r)a
=z cisT v
23 (casT ft'.s:‘nw-)

z3( -1 + 01)

3

- -2 /

.'./—J3+ z'=0 . @

\

/- for factors ot x‘*?

- for Fa.cfc s of xl‘J.

|- modulus reasos

1~ aqume

At reason
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QUESTION 3.
a) flx)=a (x~1) (x-3)
O) au 7: //X_)

(i) /Z‘ /s

(47 4]

QUESTION 3 (can'l‘.)

@)(V) 1% |

|
N, /L

) In= [ x"e ™ olx

G) o~ Jo C—xw‘l
- —a‘*]o
- (—e")— —eo)
= I- % @

GI) In- / X a,,‘zéd z)d»c
= ‘x"e—z] -/(- )nJ(,'l St
- [ C o]/ n‘é&_n 1] -.u /

g = e fl<) .

v

= ’?In—l _€I @
(,‘fi) /olx'aqu,,(: e
=3I2"€L
- 3[aT.-2d]-4 J
'—'éII"' 'é_‘*
-—é[,u,—e—'_’)-g
“lTe-&
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VWESTION 4.
w) tet lg-ad = x+yc (x real)
G-Jac = ,z:z-aL“ +,u:}4;
x3-yt=9q9 axy,—-—/z v’
2= —_‘;’263 =9 Y = 7 35t
x —-7.)62—36-'-“0
(x?=12) (2? +3)=0
x = *al3 (x real) Vv~
IF x =2/, g = - % —*‘-—5]
/F JL=-J/§, ¢ "-'"—'-.z_‘é =B
Jome = 2(aB -5 B

b) P(Z-)- za—zl+az+'l>.
(.Ht') is a root .-, Gz-c) is « oot V7
B:I sum of roots, (J-H-')f(a-L) Fol =/

4+ o =0
w3 7
koots are 240, a-( -z
Factlors are (zu?)(z‘-#Z*S’)
= 2_3__2_.?__72 + 15
c = -7 b-w @
7 v
e) x —ébxPrumax-3s -o.

'/-)/an‘fs al-.?,/ﬁ 2,p -2

Lefo«/:.x—,z e X g rR

(';(- +2)3—é(a¢ f.l) 2*”1(} +a) =35 =0 v’

Other methods
coulel be:
Subs?. z=a+¢(
s e?,ua{‘c recl ¢
fmag - P“”ISJ etc:

#3+6%‘2f'123 +& —ég "-—2#} “2p 1Y +Qey 3570
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=3 or -3t /G-3C
& o 3= LR o

=3 ar = -34+3/3¢ . -3-303¢
¢ g 3288k ory330¢

. 4+aBdy L_o3B,; S
H= S, €, T "¢ @
a .
@l) Z +85 zZ —-2¢ = p .
Roots s, B, x4f.
PN

o 1—/6 + (o +ﬁ) - ,7(0(474)
- .zx(—s‘)
| “ o S
ZJ/B: olﬁ + ot (o +/_9) %(ou/d
= 3uﬁ + s g?
2
(ol 4—#)4 .f—e.l/@
= (-9) f.(—-.u')
= .?3‘——:11-. /
&ﬁr: 4/3(«4 4—/3) = (—-.u")(-s)
. Cubic equalion with rogts o ot/
23+7jozzf-(.?5"—.2 c‘)z. —t0¢ =I65/ /!

O]

«043——27-‘0 v~ @

H(z r5)(2 52 -2d=0

2
2 hs2 -ale t5%

‘e 2 .
23410Z +(as-a))2

Suggested Solution (s) Comments
QUESTION #( cont) oR
. _ t-for x=5" by any
@@ GD(4irigsq) =o e thoo! (g,

Lactor theorem
1- other valuescort

> or e%u"/ole'\v

| » o ei,uivo- lent.

oR
d*ﬁ:"r

LFouation IS

425 Z.-10E=0

-0 =0
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QUESTION 5 -

a) '%‘-'a —7%5= "‘::'f
() brzat(e?-) i:!é
16 = 9 (e~ b=F.
e =I5 0
/l) Asjmp’fa/‘es y= £ Z‘%X
g: + 2 CD
b)) Enol view: RS = £-h T
” @
g r s
Rs = 4 (¢-5) l A
= 4-dA “
Back surface: ‘I‘ 6‘2 © A
x - h N
- N g g 9
_ h L A
2 = R p - s
R<y=é+.2x ;?‘
= é -+ —b- ‘/

" Arec PPRS = (éfﬁ‘)(#-"k) @

@) V= /ag(é+ )(4 2-1/-.) oth

h
=
1,\

e
]
-t|>
Y
N
AN

QUESTION & (cam/)
= X ’_3x
(c) ? X+
(/.) 2 — 4
x+/)x?-3x ro
.)z"f P
T gux te
—yi — ¥
4

d = x-4 +_%
.Z'fl/ l/
ﬂsjmpfo/‘cs R R Al @
i by -3\ - /-
D] o%’?u: (x )(21 3) - (x Sx)(/) e
(x+1)?
- J(J r+ray "'3.
Cx+)t
- (J(+3)g J(-I)
(_x-u)"‘
stat. Pf“s a'f‘ x:—;) =/, /
S tat. pts. a” (—-3 —q) (1, _D /
ft=s- e} G050 ; /(349 = U <o
Re/ manmum at (—-3 -q) /
f[l 6)‘ (+) ‘0, f(/*é-) ,) Y >0
. /?c/ mlnc'mum a“‘ [II_D / @

/\a
(M). |
! — ?//
..é g ~= lf"x

- l/ —-: 0:"/) :

7(:,‘.7)\: | ,

(I‘V).’mo real roo fs for K> “/) k< -9_@
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QUESTIoN b
a) (i) #x)=x /4-X7
Fe-x)=E0 w007 = sta® = - Fl)
v f(x) s odd function @

Gi) j x| #-x2 oa =0 szr 7[():)46 ocle/

/ J# fx*olac'J-x'fU. .;/
* since it fe/)r‘z.senfs area
of a semi-crrcle

/ézf'-_,zT/TMo.zr_~;¢r2

b). J =y %::Qx
L y =t 2/5
¢

Readius = b = - v’

SV 3 am(6-x)2y Sx

= ,',_77-'[5 )c)y Sx v
V= 477'/ [6-:4) 23

= 1,7]‘/ (é-x)zro(zz v
wrr /) Lax‘—z::"‘)d»c
- qﬂ-[uxJJC/" .JX—-X-(’J v
e syl ¥xala — f‘xaf]
= qﬁ‘[?ﬂf.‘z —‘/éﬂ

S

Volume = 256 (3 T wnit> v
S

1)

Suggested Solution (s)

Comments

QUESTION 6 (cont) P o
©) —'l‘; + _{.?; =/ \%
a s S
() ax st oo | Y

. Tangeat: y - bsin®= — ’.’L"ﬁfl [x -Qcos 19)/

(i) S (ae, o) S'(—ae,o)

L %
Gh -, 7

a
At P(acas&l.bsl'n&)l o%f:'— :acgc:;%
= bcoso
c Sin &

a s
(a .sma)y —absin®e = —[bcosa)xrabcos P23

@ case)’c + (a sin 0) =ad (cos’s +sia 59
(bcos®)sx + (a 5m9)‘}—-ab =0 . v
€)

™~

5 xs'R = | (beoschaé)-ad x/(bzos{&y-ae) —ab
I)’ bas’e ta’sin'8| |[Fcos’s taisin'® v

.| ablecos® -—’) (-ab)(e cos o +/)

beos’e +alsinte

- | a’b? (eicos’e —I) ' v

a*(i- "‘)Cos o ta?sin’e

-1 b*e?cos e—/)

ws’e - e *os’e + Ssinte ,

= b2(e?cos’e —/)
(-c?cos'e

&7 v

[

®
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QPUESTION 7.

@a) Cos 8 > P

;nﬂ“—%"s @ s.?aw‘-t—.%f

®

3?) Y=mx (Jc—-a)ﬂ»(g —b)“.—. al+ B
(l) ne. JLR +3,“_,2ax "Jbg = 0
5M6-7=mx.~ Jc"frna)tl-—‘laﬂ——.: bmx =0

x'l(l +m") -x(2a +apm) = D \/

=0 ar x = B&tabm
I+t m?
x-coordd of P is 2(a+ bm) @
J+m 2
(;) j—coaro/.o-fpf._s M‘/
1+pm?3
atbm m(o-of)ﬂ)
M: (/4m‘- ? +m? ‘/ @
. bm -
() v AR .
x(lfm"):a-fbm m oc
2
JC(""‘;‘H—;): CL-F'!)C;%) /
_x" o+ 2 - oaX +.b'\1
b

| mark for poct
of the solution

5T < 27T
§ x93

or e?ufva ‘crt'f :
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Comments

euEsTion 7 (cont),
Ce)

() L@PB =/BPR because anjle‘SGf the

circumference :fanoh‘nj on e?uolarcs

are e?/ua/- 0]

i L B=/8BPR = o
) Let QP = ot circomfarence
/BGR = LBPR aw (anglesion samearc)

LABY = LﬂBP.—./A (angles ot c:‘rcumferen(ej

on egual ares

L®bdc=/PBD+(DRB (cxf.'afglr 44)08)
= +of \/
LQCD = [EPB +LcBP (ext. angle Av

= ol f-/@
. L eDC = L@cD

QC:Q)}.
@

MU5+ men tion

'c,‘/cum Ferzr‘\C¢
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QUESTION &

al) x=Vces®l |, g = V&‘rw@z;,z‘g r

(,') Subst, x = o, j"—l" ancl eliminate T.
A = Veoso , h= Vsiaol- :z‘j t?

b= e heVsind d g olh
Veos® Veos® X yigs'o
h= ¢ tang — _.:7_0_(:——-2 v’
2 vicos e .
oL = o Tang - h.
2v3ws'e

V2 - 3OL2
T 2ws @(el Tand® -h)
- golisec’o /@
2(cl tano - h)

D) i =Vsino -—3t ‘
7 = 0 when T = 'Z%"“gi v’
Mox, ht.= Vsin@x Vsin® _ g x Visin'e
2 2 v g 3 ’
-V i;? © /
~ _gdisec’® | sin?®
2(cd Fans - R) 2% O,

a .
cl fan"’& \/6("1(6 seed 5ca'D

~-A Lt st
4 (ol tan & ) “ose
= Fen & -
d? tan*&

" h =
(i ARy <
d?tan*e = uh( ol tans —A)
ditan?e —yodhtan® + 4h? =0
(o tan o -2b)* =0 o
d f'am@-aA =0 3
Tan © = % / O

dh
OR Subst. Tan@ =

rto (m) arc! .

!

show ,‘fe7ua/5 h

Need description
conclusion for
thirol mark

QuUESTION & (cont)
®)() Prove (:3-1)"= Pr+qn
When n=y, LI-I.S‘@-')'-_-
P,:-I, g.zl are un-‘?,ue.'.

/?5 F‘,q,:‘nfejed
-1+ /3 .
True for n=/

Assume it is True )[of n=fe Nz
e, assume (/_'-/) .t kG ) unly ui
when nz=k+i, i (Pkﬁ,”‘{'ej"'s
LHS = (F-/)K”
= (G-)( /)

-~ (13- I)(P,, +7,k/—) by assumption

> Px /3 "37/k =P -9« E)

= (39 ‘Pk) + (P« -"],k) )

= Prer * 9 ke 3 Y v

. where Puvy = 390 Pr, Guri = Puge

. [FiFis True ﬁofn ,1‘,5 Toue fora=k }
flnte iFis True forn= =1, 17‘15 frue /érﬂ"%

() =387 = (390eiPrd'= 3 (Pt ~Goer)
=990 éy,n s Pt rpn-,
é" 3Pn--l +6 Prw 7/‘-1 3(Ln—l
- ap.,
) —Z/(lP,.-," _P3in_,-a) J
= (- 1)("1) (Pn-a A )
=@)(-Y - (-3) (pi - 33)

Note: Mark for
concluston ndl
awaroled 1'F secord
last mark not
lawarded!

9z
Prove by rneluction

(butonly 2marks)

=(-a)(—z)-- (-a(:a
e




